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In this section, we introduce the systematic integrand reduction method for higher loop orders
via Groebner basis.

It was a long-lasting problem in the history that for the higher-loop amplitude, it is not clear
how to reduce the integrand sufficiently, such that the coefficients of the reduced integrand can be
completely determined by the generalized unitarity. This problem was solved by using a modern
mathematical tool in computational algebraic geometry (CAG), Groebner basis [I].

CAG aims at multivariate polynomial and rational function problems in the real world. It
began with Buchberger’s algorithm in 1970s, which obtained the Grébner basis for a polynomial
ideal. Buchberger’s algorithm for polynomials is similar to Gaussian Elimination for linear algebra:
the latter finds a linear basis of a subspace while the former finds a “good” generating set for an
ideal. Then CAG developed quickly and now people use it outside mathematics, like in robotics,
cryptography and game theory. I believe that CAG is crucial for the deep understanding of multi-

loop scattering amplitudes.

I. ISSUES AT HIGHER LOOP ORDERS

Since OPP method is very convenient for one-loop cases, the natural question is: is it possible
to generalize OPP method for higher loop orders?

Of course, higher loop diagrams contain more loop momenta and usually more propagators. Is
it a straightforward generalization? The answer is “no”. For example, consider the 4D 4-point

massless double box diagram (see Fig. , associated with the integral,
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The denominators of propagators are,
Di=1, Dy=(lh—k)? D3=(1—k —k)? Dy=(2+k +k)?
Ds = (ly—k4)?, Dg=13, D7=(l1+1)*. (2)
The goal of reduction is to express,

Nabox = Adbox + h1 D1+ ...+ hyD7 (3)
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FIG. 1: two-loop double box diagram

such that Agpox is the “simplest”. (In the sense that all its coefficients in Agpox can be uniquely
fixed from unitarity, as in the box case.)

We use van Neerven-Vermaseren basis as before, {e1, es, e3,e4} = {k1, k2, ks, w}. Define
:ci:l1~ei, yi:l2~ei, Z:1,4 (4)

Then we try to determine Agpox in these variables like one-loop OPP method.
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Hence we can remove RSPs: z1, w9, yo and y3 in Agpox. (We trade yo for yi, by symmetry
consideration: under the left-right flip symmetry of double box, x3 <> y;. ) There are 4 ISPs, z3,
Y1, ¥4 and yq.

Then following the one-loop OPP approach, the quadratic terms in (I; -w) can be removed from

the integrand basis, since,
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Then the trial version of integrand basis has the form,
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TABLE I: solutions of the 4D double box heptacut.

where (o, 8) € {(0,0), (1,0), (0,1)}. The renormalization condition is,
m+a<4, n+pB<4 m+n+a+p<6. (8)

By counting, there are 56 terms in the basis. Is this basis correct?

Have a look at the unitarity solution. The heptacut Dy = ... D7 = 0 has a complicated solution
structure [2]. (See table. [l). There are 6 branches of solutions, each of which is parameterized by a
free parameter z;. Solutions (5) and (6) contain poles in z;, hence we need Laurent series for tree

products,
SO =35 al:F =50 (9)
k=—4

The bounds are from renormalization conditions, so there are 9 nonzero coefficients for each case.

Solutions (1), (2), (3), (4) are relatively simpler,
SO =S"azk, i=1,234. (10)

So there are 5 nonzero coefficients for each case. These solutions are not completely indenpendent,
for example, solution (1) at z; = s and solution (6) at zg = ¢/2 correspond to the same loop

momenta. Therefore,
SW(z = 5) = SO (25 — t/2). (11)

There are 6 such intersections, namely between solutions (1) and (6), (1) and (4), (2) and (3), (2)
and (5), (3) and (6), (4) and (5). Hence, there are 9 x 245 x 4 — 6 = 32 independent d,(f)’s.

Now the big problem emerges,

56 > 32. (12)



There are more terms in the integrand basis than those determined from unitarity cut. That means
this integrand basis is redundant. However, it seems that we already used all algebraic constraints

in and @ Which constraint is missing?

II. ELEMENTARY COMPUTATIONAL ALGEBRAIC GEOMETRY METHODS

A. Basic facts of algebraic geometry in affine space I

In order to apply the new method, we need to list some basic concepts and facts on algebraic
geometry [3].

We start from a polynomial ring R = F[z1,... 2,] which is the collection of all polynomials
in n variables z1,...z, with coefficients in the field F. For example, F can be Q, the rational
numbers, C, the complex numbers, Z/pZ, the finite field of integers modulo a prime number p, or
C(c1, ¢, ... ck), the complex rational functions of parameters ci, ..., ck.

Recall that the right hand side of contains the sum hy D1+ ...+ h7D7 where D;’s are known
polynomials and h;’s are arbitrary polynomials. What are general properties of such a sum? That

leads to the concept of ideal.
Definition 1. An ideal I in the polynomial ring R = Flz1, ...z, is a subset of R such that,

e 0. Foranytwo fi,fo€l, fi+ fo€l. Forany fel, —f € 1.

o ForVfel andVhe R, hf € 1.

The ideal in the polynomial ring R = F[z1, ... 2,,] generated by a subset S of R is the collection

of all such polynomials,
Zhifia hz' S R, fz es. (13)

This ideal is denoted as (S). In particular, (1) = R, which is an ideal which contains all polynomials.
Note that even if S is an infinite set, the sum in is always restricted to a sum of a finite number

of terms. S is called the generating set of this ideal.

Example 2. Let I = (2% +y?> 4+ 22 — 1,2) in Q[z,y, 2]. By definition,
I={hi(z?+y*+22=1)+hy-2, Yhi,hy € R}, (14)

Pick up hy =1, hy = —z, and we see x> +y> — 1 € I. Furthermore,

PP+ —1=( 4 )42z, (15)



Hence I = (x? +y? — 1,2). We see that, in general, the generating set of an ideal is not unique.

Our integrand reduction problem can be rephrased as: given N and the ideal I = (D, ..., D7),

how many terms in N are in I?7 To answer this, we need to study properties of ideals.

Theorem 3 (Noether). The generating set of an ideal I of R = F[z1,...z2,] can always be chosen

to be finite.
Proof. See Zariski, Samuel [4]. O

This theorem implies that we only need to consider ideals generated by finite sets in the poly-

nomial ring R.
Definition 4. Let I be an ideal of R, we define an equivalence relation,
f~g, ifandonlyiff—gel. (16)

We define an equivalence class, [f] as the set of all g € R such that g ~ f. The quotient ring R/I

is set of equivalence classes,
R/T={[flf € R}. (17)
with multiplication [fi][f2] = [f1f2]. (Check this multiplication is well-defined.)
To study the structure of an ideal, it is very useful to consider the algebra-geometry relation.

Definition 5. Let K be a field, F C K. The n-dimensional K-affine space Ag is the set of all

n-tuple of K. Given a subset S of the polynomial ring F|z1, ..., z,], its algebraic set over K is,
Zg(S) ={p € Aglf(p) =0, for every f € S}. (18)
If K =T, we drop the subscript K in A} and Zk(S).

So the algebraic set Z(S) consists of all common solutions of polynomials in S. Note that to
solve polynomials in S is equivalent to solve all polynomials simultaneously in the ideal generated

by S,

since if p € Z(S), then f(p) =0, Vf € S. Hence,

hi(p)fi(p) + ...+ he(p) fe(p) =0, Vh; € R, Vf; €. (20)



So we always consider the algebraic set of an ideal.

For example, Z((1)) = () (empty set) since 1 # 0. For the ideal I = (x? + 4% + 22 —1,2) in
example [2] Z(I) is the unit circle on the plane z = 0.

We want to learn the structure of an ideal from its algebraic set. First, for the empty algebraic

set,

Theorem 6 (Hilbert’s weak Nullstellensatz). Let I be an ideal of F[z1,...z,] and K be an alge-
braically closed field [13] , F C K. If Zx(I) =0, then I = (1).

Proof. See Zariski and Samuel, [5, Chapter 7]. O

Remark. The field extension K must be algebraically closed. Otherwise, say, K =F = Q, the ideal
(x? — 2) has empty algebraic set in Q. (The solutions are not rational). However, (x? —2) # (1).

On the other hand, F need not be algebraically closed. I = (1) means,
l=mfi+...+hefx, fi€l, hi €Flzy,...2,]. (21)
where h;’s coefficients are in F, instead of an algebraic extension of .

Example 7. We prove that, generally, the 4D pentagon diagrams are reduced to diagrams with
fewer than 5 propagators, D-dimensional hexagon diagram are reduced to diagrams with fewer than
6 propagators, in the integrand level.

For the 4D pentagon case, there are 5 denominators from propagators, namely D1, ... Ds. There
are 4 Van Neerven-Vermaseren variables for the loop momenta, namely x1, xo, r3 and xr4. So
D;’s are polynomials in x1,...,x4 with coefficients in F = Q(s12, 23, S34, S45, S15). Define I =

(D1,...Ds,). Generally 5 equations in 4 variables,
D =Dy=D3s=Dy=Ds=0, (22)

have no solution (even with algebraic extensions). Hence by Hilbert’s weak Nullstellensatz, I = (1).

Explicitly, there exist 5 polynomials f;’s in Flxy, e, x3, x4] such that

J1D1 + foDo + f3D3 + faDy + fsDs = 1. (23)
Therefore,
1 h fo B
) ) d—r dA—
D1DyD3DyDrs DyD3DyDs + D1D3D4Ds + D1DsD4Ds
g1 + [a I (24)
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where each term in the r.h.s is a box integral (or simpler). Note that fi’s are in
Flxy1, x2, 3, 4], so the coefficients of these polynomials are rational functions of Mandelstam vari-
ables s12, 803, S34, S45, S15. Weak Nullstellensatz theorem does not provide an algorithm for finding
such f;’s. The algorithm will be given by the Grébner basis method in next subsection, or by the

resultant method [6]].

2

Notice that in the DimReg case, we have one more variable 1 = —(I+)%. The same argument

using Weak Nullstellensatz leads to the result.
For a general algebraic set, we have the important theorem:

Theorem 8 (Hilbert’s Nullstellensatz). Let F be an algebraically closed field and R = F|z1, ... z,].
Let I be an ideal of R. If f € R and,

fp)=0, Vpe Z(I), (25)
then there exists a positive integer k such that f* € I.
Proof. See Zariski and Samuel, [5, Chapter 7]. O

Hilbert’s Nullstellensatz characterizes all polynomials vanishing on Z(1I), they are “not far away”
from elements in I. For example, I = ((x — 1)?) and Z(I) = {1}. The polynomial f(z) = (z — 1)
does not belong to I but f? € I.

Definition 9. Let I be an ideal in R, define the radical ideal of I as,
VI={feR3kez" ffell. (26)
For any subset V' of A™, define the ideal of V' as
(V) ={f € Rlf(p) =0, Vpe V}. (27)
Then Hilbert’s Nullstellensatz reads, over an algebraically closed field,
T(Z(I) = V1. (28)
An ideal I is called radical, if VI=1I.

If two ideals I; and I, have the same algebraic set Z(I;) = Z(Iz2), then they have the same
radical ideals VT 1= VI 9. On the other hand, if two sets in A™ have the same ideal, what could

we say about them? To answer this question, we need to define topology of A™:



Definition 10 (Zariski topology). Define Zariski topology of Af by setting all algebraic set to be
topologically closed. (Here F need not be algebraic closed.)

Remark. The intersection of any number of Zariski closed sets is closed since,
ﬂzui) = Z(Ufi)- (29)
The union of two closed sets is closed since,
zZn)J2(R) = 2(hL) = 2(LN I). (30)

AR and 0 are both closed because AR = Z({0}), 0 = Z((1)). That means Zariski topology is
well-defined. We leave the proof of and as an exercise.

Note that Zariski topology is different from the usual topology defined by Euclidean distance, for
F=Q,R,C. For example, over C, the “open” unit disc defined by D = {z||z| < 1} is not Zariski
open in AL. The reason is that C — D = {z||z| > 1} is not Zariski closed, i.e. C — D cannot be

the solution set of one or several complex polynomials in z.

Zariski topology is the foundation of affine algebraic geometry. With this topology, the dictio-

nary between algebra and geometry can be established.
Proposition 11. (Here F need not be algebraic closed.)
1. If I C Iy are ideals of Fz1,...z,), Z(11) D Z(I2)
2. If Vi C Vy are subsets of AR, Z(V1) D Z(Va)
8. For any subset V in AR, Z(Z(V)) =V, the Zariksi closure of V.

Proof. The first two statements follow directly from the definitions. For the third one, V' C
Z(Z(V)). Since the latter is Zariski closed, V' C Z(Z(V)). On the other hand, for any Zariski
closed set X containing V, X = Z(I). I C Z(V). From statement 1, X = Z(I) D Z(Z(V)). As a
closed set, Z(Z(V)) is contained in any closed set which contains V', hence Z(Z(V)) = V. O

In the case F is algebraic closed, the above proposition and Hilbert’s Nullstellensatz established
the one-to-one correspondence between radical ideals in F[z1,... 2,] and closed sets in Af. We
will study geometric properties like reducibility, dimension, singularity later in these lecture notes.
Before this, we turn to the computational aspect of affine algebraic geometry, to see how to explicitly

compute objects like Iy N Iy and Z(I).



Consider I = {z? — y2,2° + y3 — 22} in Clx,y, z]. From naive counting, Z(I) is a curve since
there are 2 equations in 3 variables. However, the plot of Z(I) (Figure [2|) looks like a line and
a cusp curve. So Z(I) is reducible, in the sense that it can be decomposed into smaller algebraic

sets. So we need the concept of primary decomposition.

FIG. 2: A reducible algebraic set (in blue), defined by Z({z? — 32,23 + v — 22}).

Definition 12. An ideal I in a ring R is called prime, if Vab € I (a, b € R) thena € I orb e I.
An ideal I in R is called primary is if ab € I (a, b € R) then a € I or b € I, for some positive

mteger n.
A prime ideal must be a primary ideal. On the other hand,
Proposition 13. If I is a primary ideal, then the radical of I, VI is a prime ideal.

Proof. See Zariski and Samuel [4, Chapter 3]. O

Note that I = {x? — y%, 2% + y> — 2%} is not a prime ideal or primary ideal. Define a = z — y,
b= x4y, clearly ab € I, but a ¢ I and b ¢ I for any positive integer n. (The point P = (2,2,4) €
Z(I). If (x+y)" € I then (z +y)"|p = 0. It is a contradiction.)

For another example, J = {(z — 1)?) in C[z] is primary but not prime. Z(.J) contains only one
point {1} with the multiplicity 2. (x —1)(z — 1) € J but (z — 1) ¢ J. For there examples, we see
primary condition implies that the corresponding algebraic set cannot be decomposed to smaller

algebraic sets, while prime condition further requires that the multiplicity is 1.
Theorem 14 (Lasker-Noether). For an ideal I in F|zy,...z2,], I has the primary decomposition,

I=LnN...01I, (31)
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such that,
e Fach I; is a primary ideal in Flz1, ... z,],
o Ii P Njxilj,
o VI AV, ifi # ],

Although primary decomposition may not be unique, the radicals V/I;’s are uniquely determined by

I up to orders.
Proof. See Zariski, Samuel [4, Chapter 4]. O

Note that unlike Grobner basis, primary decomposition is very sensitive to the number field.
For an ideal I C F[z1,...2,], F C K, the primary decomposition results of I in F[zq,... z,| and
K[z1,..., 2] can be different. Primary decomposition can be computed by MACAULAY2 or SIN-
GULAR. However, the computation is heavy in general.

Primary decomposition was also used for studying string theory vacua [? |.

Example 15. Consider I = {2? —y?, 23 +y> — 22}. Use MACAULAY2 or SINGULAR, we find that,

I =11 NI, where,
Li=(2a+y), L=(2y-2"c-y) (32)
Then VI, = (z,x +y) is a prime ideal, where Iy itself is prime.

When I C F[zy,...2,] has a primary decomposition I = I N...N I, m > 1, then Zp(I) =
Zr(I1)U...UZp(1,). Then algebraic set decomposed to the union of sub algebraic sets. We switch
the study of reducibility to the geometric side.

Definition 16. Let V be a nonempty closed set in Ag in Zariski topology, V is irreducible, if V

cannot be a union of two closed proper subsets of V.

Proposition 17. Let K be an algebraic closed field. There is a one-to-one correspondence:

prime ideals in K[z, ... z,] wrreducible algebraic sets in Ak
I — Zr(I) (33)
(V) — %4

Proof. (Sketch) This follows from Hilbert Nullstellensatz (28]). O
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We call an irreducible Zariski closed set “affine variety”. Similar to primary decomposition of

ideals, algebraic set has the following decomposition,

Theorem 18. Let V be an algebraic set. V' uniquely decomposes as the union of affine varieties,

V=ViU...UVy, such that V; 2 V; if i # j.

Proof. Let I =Z(V). The primary decomposition determines that I = I N... N I,,. Since I is a
radical ideal, all I;’s are prime. Then V = Z(I) = N, Z(l;). Each Z(I;) is an affine variety. If
Z(I;) D Z(I), then I; C I; which is a violation of radical uniqueness of Lasker-Noether theorem.

If there are two decompositions, V=V, U...UV,, =WjU...UW;. Vi =ViNn(WU...UW}) =
VinWiy)u...(VinW;). Since Vi is irreducible, Vi equals some Vi N Wj, , say j = 1. Then
Vi € Wi. By the same analysis W7 C V; for some i. Hence V73 C V; and so ¢ = 1. We proved

W1 = V1. Repeat this process, we see that the two decompositions are the same. ]

Example 19. As an application, we use primary decomposition to find cut solutions of 4D double
box in Table[l. It is quite messy to derive all unitarity solutions by brute force computation. In this
situation, primary decomposition is very helpful.

Use van Neerven-Vermaseren variables, the ideal I = (D1, ... D7) decomposes as I = 11 NIy N

IsNnIyNIsNlIg.

S S
‘[1 = {2y4 _t73+292a—t+2$3 - 2x47y37 a5 +y1 +1927=’/U2 - 771‘1}7

2 2
S S
-[2 = {t+294a5+2y27—t+2$3+2$4,y3a§+3/1+y2a$2—§7$1},
S S
Is = {S+t+2y2—|—2y4,21:4—t,x3,y3,§+y1+y2,1:2—§,x1},
S S
Iy = {8+t+2y2—2y4,t+2x4,x3,y3,§+y1+y2,x2—5,1‘1},

Is = {s+1t+2y2+2ys, x4(25 + 2t) + ya(2s + 2t) + st + 2 + dz4ys,

S S
—t+ 223 — 2m4,y3,§ + Y1 +y2,22 — 57361},

Is = {s+t+2ys — 2ys, x4(—2s — 2t) + ya(—2s — 2t) + st + t2 4+ daqya,

S S
—t+2x3+2x4,y3,§+y1—i—yg,xg—5,:1:1}. (34)

Each I; is prime and corresponds to a solution in Table []. SINGULAR computes this primary de-
composition in about 3.6 seconds on a laptop. In practice, the computation can be sped up if we
first eliminate all RSPs.

Hence the unitarity solution set Z(I) consists of siz irreducible solution sets Z(1;), i =1...6.

Each one can be parametrized by a free parameter.
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For a variety V', we want to define its dimension. Intuitively, we may test if V' contains a point,

a curve, a surface...? So the dimension of V' is defined as the length of variety sequence in V,

Definition 20. The dimension of a variety V, dim V', is the largest number n in all sequences

0£WyCWy...C W, CV, where W;’s are distinct varieties.

On the algebraic side, let V' = Z(I), where [ is an ideal in R = F[z,...2,]. Consider the
quotient ring R/I. Roughly speaking, the remaining “degree of freedom” of R/I should be the

same as dim V. Krull dimension counts “the degree of freedom”,

Definition 21 (Krull dimension). The Krull dimension of a ring S, is the largest number n in all

sequences pg C p1... C pn, where p;’s are distinct prime ideals in S.

If for a prime ideal I, R/I is has Krull dimension zero then [ is a mazimal ideal. A maximal
ideal I in R is an ideal which such that for any proper ideal J D I, J = I. I is a maximal idea, if
and only if R/I is a field. (R itself is not a maximal idea of R). When F is algebraically closed,

then any maximal ideal I in R = F|zy, ... z,] has the form [7],
I=(z1—c1,...2n —¢pn), ¢ €F. (35)

Note that the point (ci,...,cy,) is zero-dimensional, and R/I = F has Krull dimension 0. More

generally,

Proposition 22. IfF is algebraically closed and I a prime proper ideal of R = Flz1,...z,|. Then
the Krull dimension of R/I equals dim Z(I).

Proof. See Hartshorne [3, Chapter 1]. Note that Krull dimension of R/I is different from the linear
dimension dimp R/I. O

In summary, we has the algebra-geometry dictionary (Table , where the last two rows hold

if IF is algebraic closed.

B. Grobner basis

1. One-variable case

We see that ideal is the central concept for the algebraic side of classical algebraic geometry.

An ideal can be generated by different generating sets, some may be redundant or complicated.
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Algebra Geometry
Ideal I in F[zy, ... 2] algebraic set Z(I)
LN Z(LNL) = 2(L) U Z(I)
L+ I Z(L + L) = Z(I) N Z(I)
I, CI = Z(I1) D Z(Iy)
prime ideal 1 = Z(I) (irreducible) variety
maximal ideal I = Z(I) is a point
Krull dimension of dimF[z,...2,]/] = dim Z(I)

TABLE II: algebraic geometry dictionary

In linear algebra, given a linear subspace V' = span{v; ... v} we may use Gaussian elimination to
find the linearly-independent basis of V' or Gram-Schmidt process to find an orthonormal basis.

For ideals, a “good basis” can also dramatically simplify algebraic geometry problems.
Example 23. As a toy model, consider some univariate cases.

e For example, I = (23 —x — 1) in R = Q[z]|. Clearly, I consists of all polynomials in x
proportional to 3 — x — 1, and every nonzero element in I has the degree higher or equal
than 3. So we say B(I) = {23 —x — 1} is a “good basis” for I. B(I) is useful: for any

polynomial F(x) in Q[x], polynomial division determines,
F(z) = q(z)(z® =2 —1) +r(z), q(z),r(z) € Qlz], degr(zx) <3 (36)

Hence F(x) is in I if and only if the remainder r is zero. It also implies that R/I =

spang{[1], [z], [+%]}.

o Consider J = (2% — 2% + 3z — 3,22 — 3x + 2). Is the naive choice B(J) = {fi, fa} =
{23 — 22+ 32 — 3,22 — 32+ 2} a good basis? For instance, f = fi —xfo = 202+ —3 isin [
but it is proportional to neither fi nor fo. Polynomial division over this basis is not useful,

since f’s degree is lower than fi, the only division reads,
f=2fr+(Tx—-7). (37)

The remainder does not tell us the membership of f in I. Hence B(J) does not characterize
I or R/I, and it is not “good”. Note that Q[z] is a principal ideal domain (PID), any ideal
can be generated by one polynomial. Therefore, use Euclidean algorithm (Algorithm to
find the greatest common factor of f1 and fa,

T+ 2
7

(z—1)= %f}(x)— fa(@), (z=D[fi(x), (z—1)|fa(2) (38)
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Hence J = (z — 1). We can check that B(J) = {x — 1} is a “good” basis in the sense

that Buclidean division over B(J) solves membership questions of J and determined R/.J =

spang{[1]}.

Algorithm 1 Euclidean division for greatest common divisor
1: Require: fi, fp, deg f1 > deg f2

2: while f5 Xfl do

3 polynomial division f; = ¢fs +r
4: 1:=[2

5: fe=7

6: end while

7: return fo (ged)

Recall that in , given inverse propagators Di,..., D7, we need to solve the membership
problem of I = (D; ... D7) and compute R/I. However, in general, a set like {D; ... D7} is not a
“good basis”, in the sense that the polynomial division over this basis does not solve the membership
problem or give a correct integrand basis (as we see previously). Since it is a multivariate problem,
the polynomial ring R is not a PID and we cannot use Euclidean algorithm to find a “good basis”.

Look at Example [23] again. For the univariate case, there is a natural monomial order < from

the degree,
l<z=<a?<a®<at<..., (39)

and all monomials are sorted. For any polynomial F', define the leading term, LT(F) to be the
highest monomial in F' by this order (with the coefficient). For multivariate cases, the degree

criterion is not fine enough to sort all monomials, so we need more general monomial orders.

Definition 24. Let M be the set of all monomials with coefficients 1, in the ring R = Fz1,... z,].

A monomial order < of R is an ordering on M such that,

1. < is a total ordering, which means any two different monomials are sorted by <.
2. < respects monomial products, i.e., if u < v then for any w € M, uvw < vw.

3. 1<u, ifue M and u is not constant.

There are several important monomial orders. For the ring F[z1, ... z,]|, we use the convention

1 < 2z, < zp—1 < ... < 2z for all monomial orders. Given two monomials, g; = 2{"...25" and

go = zlﬁ Lo zﬁ”, consider the following orders:
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e Lexicographic order (lex). First compare o1 and (1. If a3 < f1, then g1 < go. If a1 = ag,

we compare oo and P. Repeat this process until for certain «; and S; the tie is broken.

e Degree lexicographic order (grlex). First compare the total degrees. If > 0" oy < > 1, S,
then g3 < go. If total degrees are equal, we compare (a1, 1), (a2, B2) ... until the tie is

broken, like lex.

e Degree reversed lexicographic order (grevlez). First compare the total degrees. If """ | a; <
>, Bi, then g1 < go. If total degrees are equal, we compare o, and S,. If a,, < 3, then
g1 > g2 (reversed!). If o, = 5, then we further compare (a1, Sn—1), (n—2, Bpn—2) ... until

the tie is broken, and use the reversed result.

e Block order. This is the combination of lex and other orders. We separate the variables into

k blocks, say,

{z1,20,...zn} ={z1,. .. 26, U {25141, - 25y} - - - U{Zs,_y+15-- - Zn} - (40)

Furthermore, define the monomial order for variables in each block. To compare g; and go,
first we compare the first block by the given monomial order. If it is a tie, we compare the

second block... until the tie is broken.

Example 25. Consider Q[x,y,z], z <y < x. We sort all monomials up to degree 2 in lex, grlex,
grevlex and the block order [x] > [y, z] with grevlex in each block. This can be done be the following
MATHEMATICA code:
F=l4z+22+y+ay+y’+2+x2+yz+2%
MonomialList|F, {z,y, z}, Lexicographic|
MonomialList|F, {z,y, z}, DegreeLezicographic|
MonomialList[F, {z,y, z}, Degree ReverseLezicographic]
MonomialList|F, {z,y, z},{{1,0,0},{0,1,1},{0,0,—1}}]

and the output is,
{xQ,xy,xz,:v,yz,yz,y,zQ,z,1} {xQ,xy,xz,yQ,yz,zQ,:):,y,z,1} {xQ,xy,yz,xz,yz,zz,:r,y,z,1}
{xz,xy,xz,:r,yQ,yz,ZQ,y,z, 1}

Note that for lex, x = vy?, y = z° since we first compare the power of x and the y. The total
degree is not respected in this order. On the other hand, grlex and grevlex both consider the total
degree first. The difference between grlex and grevlex is that, xz = grier y? while xz ~ greviex y?. So

grevlex tends to set monomials with more variables, lower, in the list of monomials with a fized
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degree. This property is useful for computational algebraic geometry. Finally, for this block order,

x = y? since x’s degrees are compared first. But y < 22, since [y, 2] block is in grevlex.

With a monomial order, we define the leading term as the highest monomial (with coefficient) of

a polynomial in this order. Back to the second part of Example
LT(f1) =2® LT(f) =2 LT(z—1)==z (41)

The key observation is that although x —1 € J, its leading term is not divisible by the leading term

4

of either f; or fo. This makes polynomial division unusable and {fi, fo} is not a “ good basis”.

This leads to the concept of Grébner basis.

2. Grobner basis

Definition 26. For an ideal I in F|z1,...z,] with a monomial order, a Grébner basis G(I) =
{91,...9m} is a generating set for I such that for each f € I, there always exists g; € G(I) such
that,

LT(gi)| LT(f) - (42)

We can check that for the ideal J in Example {f1, f2} is not a Grobner basis with respect

to the natural order, while {x — 1} is.

3. Multivariate polynomial division

To harness the power of Grobner basis we need the multivariate division algorithm, which is a
generalization of univariate Euclidean algorithm (Algorithm . The basic procedure is that: given
a polynomial F' and a list of k polynomials f;’s, if LT(F) is divisible by some LT(f;), then remove
LT(F) by subtracting a multiplier of f;. Otherwise move LT(F') to the remainder r. The output
will be

F=qfi+...qfx+r, (43)

where r consists of monomials cannot be divided by any LT(f;). Let B = {fi,... fx}, we denote
F” as the remainder 7.
Recall that the one-loop OPP integrand reduction and the naive trial of two-loop integrand

reduction are very similar to this algorithm.
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Algorithm 2 Multivariate division algorithm
1: Require: F, fy... fx, »

2. qri=...:=q=0,7r:=0
3: while F' # 0 do

reductionstatus := 0

5: for i =1to k do
6: if LT(f;)|LT(F) then
T 4 = qi + E$§f§
8: F=F- 5
9: reductionstatus := 1
10:
11: end if
12: end for
13: if reductionstatus = 0 then
14: r:=r+ LT(F)
15: F:=F—-LT(F)
16: end if

17: end while

18: return q...qk, 7

Note that for a general list of polynomials, the algorithm has two drawbacks: (1) the remainder
r depends on the order of the list, {f1,... fn} (2) if F € (f1... fn), the algorithm may not give a
zero remainder r. These made the previous two-loop integrand reduction unsuccessful. Grobner

basis eliminates these problems.

Proposition 27. Let G = {g1,...9m} be a Grobner basis in F[z1,...z,] with the monomial order

. Let r be the remainder of the division of F by G, from Algorithm [
1. r does not depend on the order of g1,...gm-
2. If Fel=(g1,...9m), thenr=0.

Proof. If the division with different orders of g1, ... g, provides two remainder 1 and ro. If r{ # ro,
then r; — 7o contains monomials which are not divisible by any LT(g;). But 1 —re € I, this is a
contradiction to the definition of Grobner basis.

If F €I, then r € I. Again by the definition of Grébner basis, if r # 0, LT(r) is divisible by

some LT (g;). This is a contradiction to multivariate division algorithm. O



18

Then the question is: given an ideal I = (fi... fx) in F[z1,...2,] and a monomial order >,
does the Grobner basis exist and how do we find it? This is answered by Buchberger’s Algorithm,

which was presented in 1970s and marked the beginning of computational algebraic geometry.

4. Buchberger algorithm

Recall that for one-variable case, Euclidean algorithm (Algorithm (1) computes the ged of two
polynomials hence the Grobner basis is given. The key step is to cancel leading terms of two

polynomials. That inspires the concept of S-polynomial in multivariate cases.
Definition 28. Given a monomial order > in R = F[z1, ... z,], the S-polynomial of two polynomials
fi and f; in R is,

LT(f;) LT(f)
ged (LT(f;),LT(f;))""  ged (LT(£:), LT(f;))

Note that the leading terms of the two terms on the r.h.s cancel.

S(fis f5) = fi— fi- (44)

Theorem 29 (Buchberger). Given a monomial order = in R = F|z1,...z,]|, Grébner basis with

respect to = exists and can be found by Buchberger’s Algorithm (Algorithm @)

Proof. See Cox, Little, O’Shea [7]. O

Algorithm 3 Buchberger algorithm
1: Require: B ={f;... f,} and a monomial order >

2: queue := all subsets of B with exactly two elements

3: while queue! = () do

4: {f, g} :=head of queue
g r=507.9)
6: if r # 0 then
T B:=BUr
8: queue << {{Bi,r},...{last of B,r}}
9: end if
10: delete head of queue

11: end while

12: return B (Grdbner basis)

The uniqueness of Grébner basis is given via reduced Grobner basis.
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Definition 30. For R = F[z1,...2,] with a monomial order -, a reduced Grobner basis is a

Grébner basis G = {q1,...gr} with respect to =, such that
1. Every LT(g;) has the coefficient 1,7 =1,... k.
2. Every monomial in g; is not divisible by LT (g;), if j # 1.

Proposition 31. For R = F[zy,...z,] with a monomial order =, I is an ideal. The reduced
Grobner basis of I with respect to =, G = {g1,...9m}, s unique up to the order of the list
{91,...9m}. It is independent of the choice of the generating set of I.

Proof. See Cox, Little, O’Shea [7, Chapter 2]. Note that given a Grébner basis B = {hy...hn},

the reduced Grobner basis G can be obtained as follows,

1. For any h; € B, if LT(h;)|LT(h;), j # i, then remove h;. Repeat this process, and finally

we get the minimal basis G' C B.

2. For every f € G/, divide f towards G’ —{f}. Then replace f by the remainder of the division.
Finally, normalize the resulting set such that every polynomial has leading coefficient 1, and

we get the reduced Groébner basis G.

O]

Note that Buchberger’s Algorithm reduces only one polynomial pair every time, more recent
algorithms attempt to (1) reduce many polynomial pairs at once (2) identify the “useless” poly-
nomial pairs a priori. Currently, the most efficient algorithms are Faugere’s F4 and F5 algorithms
[8, @].

Usually we compute Grébner basis by programs, for example,

e MATHEMATICA The embedded GroebnerBasis computes Grobner basis by Buchberger al-
gorithm. The relation between Grobner basis and the original generating set is not given.

Usually, Grobner basis computation in MATHEMATICA is not very fast.

e MAPLE Maple computes Grobner basis by either Buchberger’s Algorithm or highly efficient
F4 algorithm.

e SINGULAR is a powerful computer algebraic system [10] developed in University of Kaiser-
slautern. SINGULAR uses either Buchberger’s Algorithm or F4 algorithm to computer

Grobner basis.
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e MACAULAY?2 is a sophisticated algebraic geometry program [I1], which orients to research

mathematical problems in algebraic geometry. It contains Buchberger’s Algorithm and ex-

perimental codes of F4 algorithm.

e Fgb package [12]. This is a highly efficient package of F4 and F5 algorithms by Jean-Charles

Faugére. It has both MAPLE and C—++4 interfaces. Usually, it is faster than the F4
implement in MAPLE. Currently, coefficients of polynomials are restricted to Q or Z/p, in

this package.

Example 32. Consider fi = a° — 2zy, fo = 2%y — 2y> + . Compute the Grébner basis of

I = (f1, fa) with greviex and z > y.

We use Buchberger’s Algorithm.

1.

In the beginning, the list is B := {hy,ha} and the pair set P := {(hy, h2)}, where hy = f1,
hy = fa,

S(h1,hs) = —a%,  hg = S(hy, hy) = —a2, (45)
with the relation hs = yhy — xhs.
Now B := {hi, ho, hs} and P := {(h1, h3), (ha, h3)}. Consider the pair (h1,hs),

S(hi,hg) =2xy, hy:= m]g =2y, (46)

with the relation hy = —hi1 — xhs.

B := {hi1,ha, h3,h4} and P := {(h2, h3), (h1, ha), (h2, ha), (h3, ha)}. For the pair (ha, hs3),

S(ha,hy) = —o + 2%, hs = S(ha, hy) = —x + 22, (47)
The new relation is hs = —hy — yhs.
. B = {h1, ha, hs, ha, hs} and
P = {(h1, ha), (h2, ha), (h3, ha), (h1, hs), (h2, hs), (hs, hs), (ha, hs) }- (48)
For the pair (hi, hy),
S(hi,ha) = —4ay?, S(hiha). =0 (49)

Hence this pair does not add information to Grobner basis. Similarly, oll the rests pairs are

useless.
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Hence the Groebner basis is
B =1{h1,...hs} = {a3 — 22y, 2%y + = — 2%, —2?, 22y, 2y — x}. (50)

Consider all the relations in intermediate steps, we determine the conversion between the old basis

{fl7f2} and B7

hi = fi, ha=fa, h3= fiy— fox

ha=—fi(l+zy) + for®, hs = —fiy> + (zy — 1) f (51)

Then we determine the reduced Grobner basis. Note that LT(hs)|LT(h1), LT (hq)| LT (h2), so hi

and hg are removed. The minimal Grobner basis is G' = {hs, hy, hs}. Furthermore,

773{}14’]15} — Iy H{h3’h5} —

—{h3,h
4, Rpltmhal g (52)

)

so {hs, h4, hs} cannot be reduced further. The reduced Grobner basis is

1. 1 1
G ={91,92,93} = {—hs, §h4, 5h5} = {a*,2y,y* - 59«”}- (53)
The conversion relation is,

1+« 1 1 1
g =—yfi+afo, g2= _(2y)fl + §$2f2, g3 = —§y2f1 + 5(953/ —1)fo. (54)

MATHEMATICA finds G directly via GroebnerBasis[{z® — 2zy, x%y — 2y + z}, {z, v},
MonomialOrder — DegreeReverseLezicographic]. However, it does not provide the conversion .
This can be found by MAPLE or MACAULAY2.

As a first application of Grébner basis , we can see some fractions can be easily simplified (like

integrand reduction),

2

r :—yf1+:rf2:_g+£
(z3 = 22y)(2%y — 2y% + ) fife fo fi
zy O tay)fi/2+22f/2  1+wy +xj
(23 — 2zy)(2?y — 2> + ) fifz O 2f 2f1
y? _ hst+x/2 _ny xy —1
@ =2ty —22+2) A 2hfs 2k 2R (55)

In first two lines, we reduce a fraction with two denominators to fractions with only one denomina-
tor. In the last line, a fraction with two denominators is reduced to a fraction with two denominators
but lower numerator degree (y*> — ). Higher-degree numerators can be reduced in the same way.

Hence we conclude that all fractions N(z,y)/(f1f2) can be reduced to,

1 T Y
fif2? fufe fife

(56)
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and fractions with fewer demominators. Note that even with this simple example, one-variable

partial fraction method does not help the reduction.
We have some comments on Grébner basis:

1. For F[z1,... 2], the computation of polynomial division and Buchberger’s Algorithm only
used addition, multiplication and division in F. No algebraic extension is needed. Let F C K
be a field extension. If B = {fi,..., fx} C F[z1,...2,], then the Grébner basis computation
of B in K[z1,...,x,] produces a Grébner basis which is still in F[z1, ... z,], irrelevant of the

algebraic extension.

2. The form of a Grobner basis and computation time dramatically depend on the monomial
order. Usually, grevlez is the fastest choice while lex is the slowest. However, in some cases,
Grobner basis with lex is preferred. In these cases, we may instead consider some “midway”

monomial order the like block order, or convert a known grevlex basis to lex basis [13].

3. If all input polynomials are linear, then the reduced Grobner basis is the echelon form in

linear algebra.

C. Application of Grébner basis

Grébner basis is such a powerful tool that once it is computed, most computational problems

on ideals are solved.

1. Ideal membership and fraction reduction

A Grdébner basis immediately solves the ideal membership problem. Given an F' € R =
Flz1,...25), and I = (f1,... fx). Let G be a Grobner basis of I with a monomial order ». F € I
if and only if FC = 0, i.e., the division of F' towards G generates zero remainder (Proposition .

G also determined the structure of the quotient ring R/I (Definition . f ~ g if and only if

f —g € 1. The division of f; — fo towards G detects equivalent relations. In particular,

Proposition 33. Let M be the set of all monic monomials in R which are not divisible by any

leading term in G. Then the set,

V ={lpllp € M} (57)

is an F-linear basis of R/I.
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Proof. For any F' € R, FC consists of monomials which are not divisible by any leading term in
G. Hence [F] is a linear combination of finite elements in V.

Suppose that > € [pj] = 0 and each p;’s are monic monomials which are not divisible by leading
terms of G . Then Zj c;p; € 1, but by the Algorithm mg = Zj cjpj. So Zj c;pj = 0in

R and c¢j’s are all zero. O

As an application, consider fraction reduction for N/(fi ... fi), where N is polynomial in R,

N k

r S;

Jj=1

The goal is to make r simplest, i.e., r should not contain any term which belongs to I = (fi,... fx).
We compute the Grobner basis of I, G = {g1,...g;} and record the conversion relations g; =
Zle fjaj; from the computation.

Polynomial division of N towards G gives,

l
N=r+>qygi (59)
i=1

where r is the remainder. The result,

N (X ajia)
f1-~-fk_fl---fk_‘_]z::lfl...fj---fk, (60

gives the complete reduction since by the properties of G, no term in r belongs to I. solves
integrand reduction problem for multi-loop diagrams. In practice, there are shortcuts to compute

numerators like (22:1 Cljz'th')-

2. Solve polynomial equations with Grobner basis

In general, it is very difficult to solve multivariate polynomial equations since variables are

entangled. Grobner basis characterizes the solution set and can also remove variable entanglements.

Theorem 34. Let fi...fr be polynomials in R = F[xy,...x,] and I = (f1...fi). Let F be
the algebraic closure of F. The solution set in F, Zz(I) is finite, if and only if R/I is a finite
dimensional F-linear space. In this case, the number of solutions in F, counted with multiplicity,

equals dimp(R/I).

Proof. See Cox, Little, O’Shea [6]. O
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Note that again, we distinguish F and its algebraic closure F, since we do not need computations
in F to count total number of solutions in F. dimp(R/I) can be obtained by counting all monomials
not divisible by LT(G(I)), leading terms of the Grobner basis. Explicitly, dimp(R/I) is computed

by vdim of SINGULAR.

Example 35. Consider fi = —a? +x +y> + 2, fo = 2 — xy?> — 1. Determine the number of
solutions fi = fo = 0 in C2.

Compute the Grobner basis for {fi, fo} in grevilexwith x >y, we get,
G={y*+3v+1,2° + 22— 1}. (61)

Then LT(G)={y?,2?}. Then M in Proposition |39 is clearly {1,z,y,xy}. The linear basis for
Qlz, yl/{f1, f2) is {[1],[z], [¥], [xy]}. Therefore there are 4 solutions in C2. Note that Bézout’s
theorem would give the number 2x 3 = 6. However, we are considering the solutions in affine space,
so there are 6 — 4 = 2 solutions at infinity. Another observation is that the second polynomial in
G contains only x, so the variable entanglement disappears and we can first solve for x and then

us x-solutions to solve y. This idea will be developed in the next topic, elimination theory.

3. Solving polynomial equations

One very common question is to solve,

when the solution number is finite. This problem can be solved by Groebner basis. In fact, many
modern computer programs already used Groebner basis approach.
An related question is that: let S be the solution set of Instead of computing all the
solutions, we are interested in a polynomial F', summed over all solutions,
> F(p) (63)
DiES
As we will see, this sum can be directly obtained from Groebner basis. Furthermore, the sum must
be a rational function of the coefficients in the input polynomials f’s! The Groebner basis method
provides a way to compute the sum, in an analytic way.
Let I = (f1,...fx), and R/I be the quotient ring. From the discussion in the previous sub-
section, we know the R/I is a finite-dimensional linear space, if the solution if a finite set. That

implies that we can transfer a multivariate polynomial problem to a linear algebra problem.
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Suppose the we get the Groebner basis G(I) of I in some ordering. Explicitly,
R/I:spanF(ml,...,mN) (64)
where m’s are the monomials which are not divided by the leading terms of G(I).

Definition 36. For any given polynomial F, we define the companion matrix Mr as
N
[Fmj] =Y Mrlmi), V1<j<N (65)
i=1
The N x N matriz Mp is thus defined by the elements Mp;;. Here N is the number of solutions.

It is clear that by the polynomial division, M’s elements are just numbers in the coefficient ring.

It is easy to see that
Mp + Mg = Mpic, MpMg= Mpc (66)
Hence the companion matrix is a representation of the polynomials in the quotient ring R/I.

Proposition 37. 1. The eigenvalues of My are the values F(p)’s, for allp € S.

2. If F(p), p € S are all distinct, then any left eigenvectors of Mg, up to an overall factor, has
the form

(@) (67)
for somep e S.

The proof is in [6].
From this proposition, we see that
ZF(p) =trMp (68)
peES
Since to get Mg, we just used Groebner basis and polynomial division, we see that no algebraic
extension is needed. Therefore the formula gives the analytic sum instead of the numeric sum. This
is a very useful computational tool used for the CHY formalism and the Bethe Ansatz equation.

Note that to use the second statement of proposition, we can design a generic F' like
F201$1+...CN.TN (69)

with random-integer valued ¢;. With a large probability, all values of F' on the solution set are
distinct. It is a powerful tool to solve polynomial equation numerically and has been adopted in

many computer softwares.
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4. Elimination theory

We already see that Grobner basis can remove variable entanglement, here we study this prop-

erty via elimination theory,

Theorem 38. Let R = Flyi,...Ym,21,-..2n) be a polynomial ring and I be an ideal in R. Then
J = INTFz,...2,), the elimination ideal, is an ideal of F[z1,...z,]). J is generated by G(I) N
Flz1,...2s], where G(I) is the Gréobner basis of I in lex order with y1 > Y2 ... = Ym > 21 = 22... =

Zn.
Proof. See Cox, Little and O’Shea [7]. O

Note that elimination ideal J tells the relations between z; ... z,, without the interference with
y;’s. In this sense, y;’s are “eliminated”. It is very useful for studying polynomial equation system.
In practice, Grobner basis in lex may involve heavy computations. So frequently, we use block
order instead, [y1,...Ym] > [21,...2,] while in each block grevlez can be applied.

Here we give a simple example in IMO,

Example 39 (International Mathematical Olympiad, 1961/1).

Problem Solve the system of equations:

r+yt+z =a
2 +y?+ 2 = b
_ .2
Yy = z (70)
where a and b are constants. Give the conditions that a and b must satisfy so that x,y,z (the
solutions of the system) are distinct positive numbers.
Solution The tricky part is the condition for positive distinct x,y,z. Now with Grobner basis this

problem can be solved automatically.

First, eliminate x,y by Grobner basis in lex with x >y > z. For example, in MATHEMATICA

GroebnerBasis[{—a + x + y + z, —b% + 22 + y* + 22, 2y — 22}, {x, v, 2},

MonomialOrder — Lexicographic, CoefficientDomain — RationalFunctions|

and the resulting Grébner basis is,

G= {a2f 2az— b, —at +y (2a3+ 2ab2) + 2a2b? — 4a®y? — b, a® — 2ax— 2ay + b2} : (71)
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The first element is in Q(a,b)[z], hence it generates the elimination ideal. Solve this equation, we

get,
2 _p2
p=1 50 (72)
Then eliminate y, z by Grébner basis in lex with z >= y = x. We get the equation,
at 4+ z(—2a® — 2ab*) — 2a*b* + 4a*2* + b = 0. (73)
To make sure x is real we need the discriminant,
—4a®(a® — 3b%)(3a%> - *) > 0. (74)
Similarly, to eliminate x, z, we use lex with z = x > y and get
at 4+ y(—2a3 — 2ab?) — 2a%b? + 4a*y* + b1 =0, (75)

and the same real condition as . Note that © and y are both positive, if and only if x,y are

real, x +y > 0 and xy > 0. Hence positivity for x,y, z means,

= a22_ab2 >0
az+y:a—z:a—a22_ab2>0 (76)
—4a*(a® — 3b%)(3a* — b*) > 0. (77)
which implies that,
a>0, b <a®<3V7 (78)

To ensure that x, y and z are distinct, we consider the ideal in Q[a,b, z,y, z].
J={-atz+y+z-b+2>+y" +2 2 ay—2" (2 —-y(y—2)(z—)} (79)
Note that to study the a, b dependence, we consider a and b as variables. Eliminate x,y,z, we
have,
g(a,b) = (a —b)(a +b)(a® — 3b*)*(3a* — b?) € J. (80)

If all the four generators in J are zero for some value of (a,b,x,y,z), then g(a,b) = 0. Hence, if

g(a,b) # 0, z, y and z are distinct in the solution. So it is clear that inside the region defined by
, the subset set

a>0, b <a®<3b (81)
satisfies the requirement of the problem. On the other hand, if a®> = 3b%, explicitly we can check

that x, y and z are not distinct in all solutions. Hence x,y, z in a solution are positive and distinct,

if and only if a > 0 and b> < a® < 3b%. With and , it 1s trivial to obtain the solutions.



28

5. Intersection of ideals

In general, given two ideals I; and Iz in R = F[zq,...2,], it is very easy to get the generating
sets for I + I and I1Io. However, it is difficult to compute I1 N I>. Hence again we refer to Grobner

basis especially to elimination theory.

Proposition 40. Let I} and I be two ideals in R = Flz1,...z2,]. Define J as the ideal generated
by {tflf € L} U{(1 —t)glg € Iz} in F[t,z1,...2,). Then I NI = J N R, and the latter can be

computed by elimination theory.

Proof. If f €I, and f € Iy, then f =tf+ (1 —1t)f € J. So 1 NIy € JN R. On the other hand, if
F e JNR, then

F(tyz1,...,2n) = a(t,z1, ..., z2n)tf (21, oy 2n) + 0(t, 21, .oy 20) (L —8)g(21, - -y 2n) (82)
where f € I, g € I». Since F € R, F is t independent. Plug in ¢t = 1 and ¢t = 0, we get,

F=a(l,z1,...,20)f(z1,- .-y 2n), F=00,21,...,2n)9(21,...,2n) - (83)

Hence FeliNly,, JANRC I1NI. O

In practice, terms like ¢ f and (1 —t)g increase degrees by 1, hence this elimination method may

not be efficient.
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